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Abstract
The core subject of financial mathematics concerns the issue of pricing
financial assets such as complex financial derivatives. The pricing tech-
nique is pervaded by the concept of arbitrage: mis-pricing will be spotted
and exploited, resulting in a risk free return for any arbitrageur. A mis-
priced financial asset will expose the issuer to be exploited by the market
as a money-pump.
To prevent arbitrage, when pricing one turns to mathematics. The
no-arbitrage pricing is thus formalized as a mathematical problem and
it is possible to prove a mathematical pricing relationship for a financial
derivative. In some specific cases it is even possible to calculate an explicit
price.
This thesis will consider the pricing technique of a widely used financial
derivative - the option. Black-Scholes theory is, since its introduction in
1973, the main tool used for option pricing. The theory that derives the
famous Black-Scholes formula involves a great amount of financial and
mathematical theory, however often ignored by the user. This thesis tries
to bring key concepts into light, hopefully leaving the reader (and writer)
with a deeper understanding.
Finance, in general, involves a great amount of uncertainty. To be
able to express this uncertainty in a mathematical manner, one introduces
probability theory. There will be a go-trough of basic probability theory
needed to fully adopt the concept of an equivalent martingale measure
which is the essential tool in arbitrage-free pricing.
By introducing the time-discrete Cox-Ross-Rubinstein model and prove
existence and uniqueness of an equivalent martingale measure, one is able
to state the arbitrage-free price of a European call option. The model is
then compared to the continues-time Black-Scholes model and in conclu-
sion it is proved and showed that the asymptotic price of the CRR model
is the same as the price calculated by the Black-Scholes formula.
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1 Introduction
The main focus of this thesis is the pricing of financial assets. The price of
a financial asset is directly connected to its future expected cash flows. Com-
mon financial assets, like stocks and bonds, are being valued by expectations on
their future yields. For more complex financial assets, such as financial deriva-
tives, the pricing problem is more complicated and requires an understanding
of mathematical theory as much as an understanding of the financial industry.
The application of mathematics in finance was developed in the 1970s with
the Black-Scholes model. The model was used to price the simplest and most
commend used financial derivative, an option. This thesis will treat the ele-
mentary financial assumptions necessary for the mathematics to be adopted in
finance, followed by the probability and stochastic theory essential for mathe-
matical finance. It will present the multi-period binomial model for a stock and
in conclusion price a European call option with this model.
1.1 Purpose
The fundamental problem in financial mathematics is that of pricing derivatives.
By the introduction of Black-Scholes formula it was possible to price financial
derivative in an efficient way.
The purpose of this thesis is primarily to consider the elementary probability
and stochastic theory and the underlying financial concepts essential for the
pricing of a financial derivative. In addition, a discrete-time model for option
pricing will be introduced and investigated.
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2 Financial background
2.1 Financial derivatives
A financial derivative is a contract between two parties that specifies certain
conditions under which payments are to be made between the two parties at
a future date of time. This thesis will be focused on options and the pricing
techniques used to calculate the value of an option.
An option is a financial derivative giving the option buyer the right but not
the obligation to make a specified transaction at a specified date at a specified
price. The underlying indicates the underlying asset of the contract, e.g. a
stock, currencies, indexes etc. A put option give the option buyer the right to
sell the underlying. Call options give one the right to buy. European options
give one the right to buy/sell at the date when the option reaches its maturity,
the expiry date. American options give one the right to buy/sell at any time
prior to or at the expiry date.
This thesis will consider the pricing technique of a European call option under
the assumption that the underlying stock follows the binomial model.
2.2 Option’s terminology
The price at which the parties agree to buy/sell the underlying on the expiry
date is called the strike price, denoted K. The running time is denoted t, the
contract between the buyer and the seller of the option is struck at t = 0 and
when the option reaches its maturity at expiry is t = T . The value of the
underlying at time t is denoted by S(t).
Consider a European call option with strike price K and expiry time T . If
S(t) > K the option is said to be in the money, if S(t) = K the option is said
to be at the money and if S(t) < K the option is said to be out of the money.
The payoff at T for the option is:
S(T )−K if S(T ) > K and 0 otherwise,
briefly denoted [S(t) − K]+. Taking the initial payment into account for an
investor, one obtain the profit digram below at time T
5
Figure 1: Profit diagram for a European call
2.3 Brief history of options
Financial derivatives and especially options have been used frequently through
time. In ancient Greece, farmers invented financial derivatives similar to to-
day’s derivatives to be able to hedge against uncertainties. The first modern
appearances of options was in the 1600s in Holland. Tulips were being traded
in large volumes and due to a very volatile market growers and dealers started
trading in options to guarantee future prices [1].
Since then, options have been traded but the complexity of the product and
the fact that the option does not hold any physical value made it very difficult
to value the product. That changed in 1973 when Fisher Black and Myron
Scholes introduced the Black-Scholes Model for financial derivative pricing (for
which they later in 1997 received the Nobel Prize of Economics). They applied
mathematics on finance and succeeded to create a realistic model for derivative
pricing that is frequently used still today, all around the world.
Since the introduction of the Black-Scholes Model in 1973 the volume of options
being traded has continually grown. In April 1973 the Chicago Board Options
Exchange started trading listed call options on 16 stocks, with a first-day volume
of 911 contracts [2]. Since then, the growth of options has been explosive.
Options are now traded on all major world exchanges, in enormous volumes. In
2012 on average 24 million options are being traded on a daily basis just in the
United States [3].
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2.4 Modeling assumptions
To make it possible to price an option one introduce the following assumptions
of the financial market.
2.4.1 No market frictions
On a financial market financial agents can trade securities, commodities and
other financial products. All existing financial markets involve frictions that is
to say transaction costs, bid/ask spread, taxes, margin requirements and restric-
tions. This text will entirely ignore the market frictions and this assumption is
purely made for simplicity of the upcoming calculations.
2.4.2 No default risk
The risk of failure of a company or even governments and countries at national
level is inescapable present. For simplicity this text will ignore the risk for
defaults and bankruptcy, implying the same interest rate for lending and bor-
rowing and ensuring that financial obligations in e.g. derivative contracts are
met.
2.4.3 Competitive markets
It is assumed that all financial agents act as price takers and not price makers.
This implies the price of a security will not be influenced of single financial
agent’s acts. Thus agents can buy or sell as much of any security as they wish
without affecting the security’s price.
2.4.4 Rational agents
All financial agents want more for less and every trade that a financial agent
does is made completely to maximize its own gain with no respect to personal
preferences or whatsoever.
2.4.5 No arbitrage
The most fundamental assumption for which all the other assumptions relay on.
It is the basis of the arbitrage pricing technique and will be explained in detail
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below.
2.5 Arbitrage
Financial markets contain both riskless (bank account) and risky assets (stocks).
The only reason for a financial agent to expose oneself to risk is the possibility
of a greater future profit. In general, the greater the risk, the greater is the
expected return. This is required to make the riskier investments attractive. All
financial agents expect a premium for taking on risk, otherwise all investments
should be in the riskless bank accounts.
The technical idea of an arbitrage-free market is that it should not be possible
to gain a profit without exposure to risk. Otherwise if such an opportunity
exists the market could be used as a "money-pump" resulting in a market with
high fluctuations and it would be impossible for the market to be in equilib-
rium. Nowadays the absence of arbitrage opportunities is not a very unrealistic
assumption. With millions of financial agents, all eager to make an easy profit,
any arbitrage opportunity will be explored directly and the market will adjust
itself into equilibrium. The no-arbitrage assumption is the essence in mathe-
matical finance and actually the only assumption needed to allow one to build
a mathematical model of a financial market; that is the reason for the arbitrage
pricing technique.
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3 Probability Background
Probability theory is the field of mathematics concerned with probability and
the analysis of random phenomenon. A financial asset’s future return could be
seen as a random phenomenon were tomorrow’s yield could be described as a
random outcome, either the asset gain value or it loses value. The idea therefor
arises to apply probability theory on finance.
Probability theory is essential in financial mathematics and by creating a quan-
titative model of a financial market one hope to mimic the behavior of the
market. But no one can predict the future with mathematics; all that can be
done is to use the information available and try to describe the uncertainty of
the future in a mathematical manner.
This chapter will introduce some basics concept of probability theory used in
succeeding chapters. A prior warning to the reader: the probability theory
described below are in no sense complete. For a deeper understanding the
reader is refereed to [4] and [5], which the following chapter is based on.
3.1 Probability space
In probability theory a probability space is a mathematical construction that
models a real-world experiment of states that occur randomly. Random exper-
iments are experiments whose output cannot be surely predicted in advanced.
But when one repeat the same experiments a large number of times one can
observe some patterns in the average output. To describe such a phenomenon
one uses a probability space or more clearly the mathematical triplet (Ω,F ,P)
consisting of three parts.
3.1.1 The sample space - Ω
The sample space Ω is the set of all possible outcomes ω of the experiment and
it is denoted by Ω.
Example. Consider the experiment of tossing a fair coin twice. In this case:
(H=heads, T=tails) the sample space is
Ω = {HH,HT, TH, TT}
and the individual outcomes are
ω1 = {HH}, ω2 = {HT}, ω3 = {TH}, ω4 = {TT}
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3.1.2 The σ-algebra - F
To be able to understand a σ-algebra one has to introduce the definition of an
event.
Definition 3.1. An event is a collection of outcomes. Formally, an event A is
a subset of the sample space; that is
A ⊆ Ω.
An event is considered to have "happened" when the occurred outcome is a
member of the event (ω ∈ A). Since the same outcome can be a member of
many events, it is possible for many events to have happened given a single
outcome ω.
Example. Consider the experiment of tossing a fair coin twice. The sample
space is Ω = {HH,HT, TH, TT}. The list of all possible events is
Ai = ∅,Ω, {HT}, {TH}, {HH}, {TT} , i = 1, . . . , 6

If one has a family of subsets, the concept of a σ-algebra can be introduced.
Definition 3.2. A collection A of subsets of Ω is called a σ-algebra if
(i) ∅ ∈ A
(ii) If A ∈ A then Ac ∈ A , were Ac denotes the complement of A
(iii) A is closed under finite unions and finite intersections: that is, if
A1, A2, A3 . . . is a countable sequence of events in A, then ∪∞i=1 Ai
and ∩∞i=1 Ai are both also in A.
Example. Consider the experiment of tossing a fair coin once. The sample
space is Ω = {H,T}, The list of all possible events is Ai = ∅,Ω, {H}, {T}, i =
1, . . . , 4. Then for any subset e.g A3(= H) ⊂ Ω the σ-algebra is defined as
F = {∅,Ω, A3, Ac3} = {∅,Ω, {H}, {T}}

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3.1.3 The Borel σ-algebra - B(R)
For the definition of a random variable later on, one needs the Borel σ-algebra
B(R) which contains all intervals [a, b], a < b, of the real line R. Following [4]
one have the following theorem:
Theorem 3.1. The Borel σ-algebra B of R is generated by intervals of the form
(−∞, a], where a ∈ Q (Q = rationals)
Proof. See [4] (p.8)

3.1.4 The probability measure - P
P is the function that assigns a probability to an event. For an event A, the
probability that A occurs is denoted P(A).
Definition 3.3. A probability measure defined on a σ-algebra F of Ω is a
function P : F 7→ [0, 1] that satisfies
(i) P(Ω) = 1 and 0 ≤ P(A) ≤ 1 for every A ∈ F
(ii) If A1, A2, . . . ∈ F are disjoint, then
P(∪∞i=1Ai) =
∞∑
n=1
P(An)
Example. Consider the experiment of tossing a fair coin once. The sample
space is Ω = {H,T}, The list of all possible events is Ai = ∅,Ω, {H}, {T}, i =
1, . . . , 4. Then one can assign probabilities to the events as
P(∅) = 0, P(Ω) = 1, P(H) = P(T ) = 1
2

With the probability measure defined one can finally give the conventional math-
ematical definition of a probability space.
Definition 3.4. A probability space is a triplet (Ω,F ,P) where Ω is a sample
space, F is a σ-algebra of Ω and P is a probability measure on F .
Example. Consider a probability space to model the experiment of tossing a
fair coin twice. One has to define (Ω,F ,P). The sample space is
Ω = {HH, TT, TH, HT}
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and the σ-algebra
F =
{
∅, Ω, HH, HT, TH, TT,
{HH, HT, TH}, {HH, HT, TT}, {HH, TH, TT}, {HT, TH, TT},
{HH, HT}, {HH, TH}, {HH, TT}, {HT, TH}, {HT, TT}, {TH, TT}
}
Interpretation. This result may be confusing but picture it like this; the first
two events are that something does or does not happened at all. The four next
events occur after tossing the coin twice, then since the criterion for a σ-algebra
(ii) (Definition 3.2), the complement of an event have to be included i.e. the
event that HH does not occur equals the event denoted {HT, TH, TT} occurs.
Finally the six "double" events is a direct corollary of (i), (ii), (iii) (Definition
3.2).
The probability function P : F 7→ [0, 1] satisfying condition (i), (ii), (iii) (Defi-
nition 3.2). Thus,
P(Ω) = 1,
P(HH) = P(TT ) = P(HT ) = P(TH) =
1
4
P(HH, HT ) = P(HH, TH) = P(HH, TT ) = P(HT, TH) = P(HT, TT ) = P(TH, TT ) =
1
2
P(HH, HT, TH) = P(HH, HT, TT ) = P(HH, TH, TT ) = P(HT, TH, TT ) =
3
4

3.2 Random variables
A random variable is a quantity which depends on the outcome of an experiment.
As opposed to other mathematical variables, a random variable does not have
a single, fixed value; rather it can take on a set of possible different values, each
with an associated probability.
Definition 3.5. Let Ω be a sample space. A random variable X is a function
X : Ω→ R i.e. the mapping ω 7→ X(ω)
Before calculating probabilities of events induced by random variables one re-
quires it to be measurable.
Definition 3.6. Let (Ω,F) be a measurable space. The random variable X is
said to be measurable if for all B ∈ B, the pre-image is in F :
X−1(B) = {ω : X(ω) ∈ B} ∈ F
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In other words, for X to be a measurable random variable, the pre-image of
X of every interval [a, b] in the σ-algebra B, should be an event in the origin
σ-algebra F on the sample space Ω.
Every random variable X on a probability space(Ω,F ,P) induces a probability
measure on R which is denoted PX and called the law (or distribution) of X. It
is defined for every B ⊂ R by
PX(B) = P(ω ∈ Ω : X(ω) ∈ B) = P(X ∈ B) = P(X−1(B))
where X−1(B) denotes the pre-image of B by X, i.e. the set of all ω ∈ Ω such
that X(ω) ∈ B, see figure 2 below
Figure 2: The image and pre-image of B by X
In other words the random variable X transforms the probability space (Ω,F ,P)
into the probability space (R,B,PX)
(Ω,F ,P)→ (R,B,PX)
Example. Consider the experiment of tossing a fair coin twice. Let the random
variable X denote the number of heads. In order to define the function X : Ω→
R one must define X(ω) for every ω ∈ Ω thus,
X(HH) = 2, X(HT ) = 1, X(TH) = 1, X(TT ) = 0
The law of X is defined by
PX({2}) = P{ω ∈ Ω : X(ω) = 2} = P(X = 2) = P(HH) = 1
4
PX({1}) = P{ω ∈ Ω : X(ω) = 1} = P(X = 1) = P(HT, TH) = 1
2
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PX({0}) = P{ω ∈ Ω : X(ω) = 0} = P(X = 0) = P(TT ) = 1
4

With the probability space for X defined one can define the distribution function
of X.
Definition 3.7. Suppose that P is probability measure on (R,B) . The distri-
bution function FX of X induced by P is the function F : R → [0, 1] defined
by
FX(x) = P({ω : X(ω) ≤ x}) for allx ∈ R
Note. The distribution of X can also be defined by its density function fX(x),
where FX corresponds to fX like
FX(x) =
∫ x
−∞
fX(u)du
Also for fX to be a density: fX ≥ 0 and∫ ∞
−∞
fX(u)du = 1
Definition 3.8. The Expectation E of a random variable X on (Ω,F ,P) with
the distribution function FX and density function fX is defined by
E[X] =
∫
xfX(x)dx
Or if X is a discrete random variable, taking values xn for n = 1, 2, . . . with
probability function fX(xn) ≥ 0 and
∑∞
n=1 fX(xn) = 1
E[X] =
∑
xnfX(xn)
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4 Stochastic processes in discrete time
Financial markets involves a great amount of uncertainty. No one is able to
predict the exact future value of a financial asset, although it is possible to
set up a partly describing mathematical model of the asset’s future value with
random variables. Also it is believed that the uncertainty about a financial
asset’s future value decreases as time goes by (one is able to do a "better"
prediction about the next seconds value than the value in a 100 years time). To
describe this situation in a mathematical manner one uses stochastic processes.
This chapter follows the notation and reasoning of [4] and [6] and discuss the
fundamentals for discrete time processes and introduce the martingale property
for a stochastic process. This specific property is essential in financial mathe-
matics and will appear frequently in the chapters to come.
4.1 Information and filtration
The access to accurate and up-to-date information is clearly essential to any
financial agent engaged in financial trading. Information is arguable the key
determinant for success. This text considers all information to be available for
all agents (absence of insider trading) and that information once known remain
known and can be accessed at any time.
In reality, with information available everywhere the access of information is as
important as to be able to adopt, organize and quickly sort information. The
ability to comprehend information the right way is one of the main factors that
will discriminate agents and their ability to react to changing market conditions.
This text will, for simplicity, not differ between agents and their information-
processing ability.
New information becomes available continuously to all agents as time passes.
To be able to model this information flow mathematically the idea of filtration
will be introduced.
Time evolves continuously or discretely, this thesis considers time to be discrete
evolving in integer steps, t = 0, 1, 2 . . . The initial time is at t = 0 and the final
time is at t = T (in the context of option pricing, the time horizon T is the
expiry date).
The aim is to model a situation involving randomness unfolding with time. At
t = 0 no information is available and as time increases one learn more. At t = T
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all information is available and the outcome of the randomness is known.
This situation can, with the probability background introduced in chapter 3, be
represented by a σ-algebra. Recall that a σ-algebra represents information or
knowledge of the experiment. Thus the situation can be modeled as a sequence
of sigma-algebras F = {Fn : n = 0, 1, 2, . . .} which are increasing with time. Fn
represent the information available at time t = n and as time passes and new
information is adopted (no information is forgotten) the following holds:
Fn ⊂ Fn+1 (n = 0, 1, 2 . . .)
F0 represent the initial information (if there is none F0 = {∅, Ω}) and FT
represent knowing everything. Such a family F of sub-σ-algebras of FT is called
a filtration.
To be more precise; if Ω is a finite state space of events Ω = {ω1, ω2, . . . , ωn}
and a given σ-algebra F is available on Ω which corresponds to a finite partition
P of sets Ai,P = {A1, A2, . . . , Al} (Ai corresponds to a collection of events,
e.g. A1 = (ω1, ω2)) i.e. the sets Ai are disjoint and ∪li=1Ai = Ω.
A filtration F corresponds to a sequence of finer and finer partitions Pn. At
t = 0 one only know that an event ω ∈ Ω will occur, at t = T the agent know
which specific ω∗ that have occurred. As time passes from 0 to T the agent
learn the structure of the σ-algebras Fn and the corresponding partitions Pn.
With the information in Fn available is equivalent to know exactly in which set
A ∈ P the event ω∗ is.
A probability space equipped with such a filtration, (Ω,F ,F,P) is often called
a filtered probability space.
4.2 Discrete-time stochastic processes
To be able to model the uncertainty inherited in financial processes in a mathe-
matical manner one introduces the random variable and defines its probability
space. Unfortunate the situation still involves a great amount of uncertainty.
But, as described above, as time passes, new valuable information gets avail-
able and the idea is to adopt this information in an efficient way to be able to
reduce the uncertainty. Hence one needs a framework which handles situations,
in which new information unfolds with time. Especially one need to be able
to define the information available at time t = n. This is the reason for using
Stochastic processes in finance.
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Following [4] one get the following definitions
Definition 4.1. A discrete-parameter stochastic process X = {Xn : n =
0, 1, 2, . . . , T} is a family of random variables defined on some common proba-
bility space (Ω,F ,P).
Definition 4.2. The stochastic process X = {Xn : n = 0, 1, 2, . . . , T} (T + 1
different random variables) is said to be adapted to the filtration F = {F0, F1, F2, . . . ,FT , }
if for each n, Xn is Fn measurable.
If Xn is adapted to Fn, one know the value of Xn at time n.
Usually {Fn} is the natural filtration
Definition 4.3. The natural filtration Fn = σ(X0, X1, . . . , Xn) where σ(X)
denotes the smallest σ-aglebra containing X.
Interpretation. The notation σ(X) may be confusing since X is a random vari-
able and not a specific event. But as described above X is a "function" of the
specific outcomes ω and since X(ω) is known for all ω ∈ Ω, one can take the
pre-image A = X−1(B) for all B ∈ B and hence the event A is available and
one can thereby create an σ-algebra out of all A.
Financial Interpretation. Say a random variable Wn on the probability space
(Ω,F ,P) describing a financial asset’s value at time t = n. Create a discrete-
time stochastic processW = {W0, W1, . . . ,Wn} on the filtered probability space
(Ω,F ,F,P) where W is adapted to the filtration F = {F0, F1, F2, . . . ,Fn, }.
The process is as a sequence of happenings where W0 represent the initial value
of the asset. One wants to describe the value of the asset with the process W .
At t = 1 the asset gets its new value W1. Since the probability space of the
random variable W1 is known one know which event ω ∈ Ω that have occurred.
Thus it is possible to create an σ-algebra depending on the first two events
F1 = σ(W0, W1). Note that since W is adapted to F it is always possible to get
the value ofWn at time t = n which is obvious in the financial world since clearly
the asset’s value at time t = n is available at t = n. In this particular example
the sequence {F0, F1, F2, . . . ,Fn, }, represent the information about how the
financial asset took its "random walk" from t = 0 to t = n. The uncertainty in
the process decreases as time passes and clearly at t = n when the final value
of the assets is known one know the complete structure of F since F = Fn.
The concept of stochastic processes is very general and very flexible. The in-
terested reader should investigate material in e.g. [4] [5] [6] for a deeper under-
standing. This text investigate the possibility to price an option with a discrete
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time process. There are several different types of stochastic processes that can
be used, but it is shown that a Martingale process is the most realistic model if
one wish to describe a financial market and therefore essential in mathematical
finance.
Before defining a Martingale process one need to be familiar with the concept
of conditional expectation and conditional probability.
Following the reasoning of [6] one have the following definitions
Definition 4.4. Given two random variables X and Y on a probability space
(Ω,F ,P). The conditional expectation of X given Z = zj denoted E[X|Z = zj ]
is defined as
E[X|Z = zj ] =
∑
xiP(X = xi|Z = zj)
where conditional probability is defined by
Definition 4.5. Given two random variables on a probability space (Ω,F ,P),
conditional probability of X = xj given that Z = zj , is defined as:
P(X = xi|Z = zj) = P(X = xj ∩ Z = zj)P(Z = zj)
Definition 4.6. A process X = {X1, X2, . . . , Xn} is called a martingale rela-
tive to F = {F0, F1, F2, . . . ,Fn} if
(i) X is adapted to F (1)
(ii) E[Xn] <∞ for all n (2)
(iii) E[Xn|Fn−1] = Xn−1 for all n. (3)
Where E[Xn|Fn−1] is interpreted as the expected value of Xn given the infor-
mation up to time n− 1.
Especially the third property is very important in mathematical finance saying,
the expected value of the future random variable Xn given the σ-algebra Fn−1,
(i.e. given the information up to time n− 1) equals todays value Xn−1. Hence
if X is a martingale and for any m < n one can use the martingale property
repeatedly and get the following result:
E[Xn|Fm] = E
[
E[Xn|Fn−1]|Fm
]
= E[Xn−1|Fm] (4)
= . . . = E[Xm|Fm] = Xm
18
5 Financial mathematics in discrete time
The idea of asset valuation is to identify the fair value of the asset. For financial
derivatives one tries to replicate the future payoff of the derivative through a
portfolio of (on the market available) financial assets. If such a portfolio exists
one can directly state the fair value of the derivative.
Example. Consider a one-period model, i.e. trading is allowed at t = 0 and
t = T . Lets assume that there are two tradable assets, a risk-free bond S0 with
S0(0) = $1 and S0(T ) = $1, that is the interest rate r = 1 and the discount
factor β(t) = 1S0(t) . Also there is a risky asset S1(t) with S1(0) = $10 and two
possible values at t = T
S1(T ) =
{
$20, with probability p
$7.5, with probability 1− p.
The aim is to value a European call option at time t = 0 with strikeK = $15 and
maturity T i.e. the random payoffH = [S(t)−K]+. Since the possible outcomes
of S1 at t = T is stated one can directly see that H = $5 (if S1(T ) = $20) with
probability p and H = $0 (if S1(T ) = $7.5) with probability 1 − p. This is
illustrated in the figure 3 below
Figure 3: One-period example
The solution to the problem is now to find a replicating portfolio θ = (θ0, θ1)
were θ0 and θ1 denotes the quantaties of asset 0 (the bond) and 1 (the stock).
We denote the value of the portfolio at time t as V (t) were:
V (0) = θ0 · S0(0) + θ1 · S1(0)
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In state 1 the stock price is $20 and the value of the option $5, so
θ0 · 1 + θ1 · 20 = 5 (5)
In state 2 the stock price is $7.5 and the value of the option $0, so
θ0 · 1 + θ1 · 7.5 = 0 (6)
By combining (5) and (6) and solving one get θ0 = −3 (borrow three bonds)
and θ1 = 0.4 (buy 0.4 stocks), resulting in the portfolio at time t = 0:
V (0) = −3 · S0(0) + 0.4 · S1(0) = 1
Thus one has succeeded to replicate the exact cash flow of the European call
option and can price the option H = V (0) = $1.

This price is called the no-arbitrage price since every other price allows a risk-
less profit (arbitrage opportunity). E.g. say the option was too cheap, buy it
yourself and receive a profit by selling short the above portfolio. On the other
hand if the option is too dear, sell it yourself and cover yourself by buying the
portfolio above.
The example above is a generalization of the reality, e.g. in real life trading
is allowed continuously and also who can predict the future value of a risky
asset? Although, the idea of replicating future payoff and no arbitrage oppor-
tunities is the fundamentals of asset pricing. With the introduced probability
and stochastic background in this text one can build a model and establish the
essential theorems of asset pricing. This section will present the discrete-time
Cox-Ross-Rubinstein Model for asset pricing and investigate its components.
The definitions, prepositions and theorems in section 5.2 and 5.3 follow directly
from [6].
5.1 The Cox-Ross-Rubinstein model
In this text there will be a study of a so-called finite markets, i.e. a discrete-
time model of a financial market in which all considered quntaties can take a
finite number of values. To be able to state the fundamental theorems of asset
pricing one has to introduce a model and define the basic properties and working
components.
The following are the building blocks of the model:
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• A finite probability space (Ω,F ,P) with a finite number of possible out-
comes ω.
• A specified time horizon T , which is the time when all economic activities
have occurred.
• A filtration F = {F0, F1, F2, . . . ,FT , } consisting of the σ-algebras F0 ⊂
F1 ⊂ . . .FT and FT = F = P(Ω) is the final partition consisting, all the
possible events.
• A price process S(t) = (S0(t), S1(t), . . . , Sd(t)) for d + 1 financial as-
sets. The normal interpretation of a financial market is to assume one
risk-free asset (e.g. bond) labeled 0 and d risky assets (e.g. stocks) la-
beled 1 to d. The price of the assets at time t are random variables
S0(t, ω), S1(t, ω), . . . , Sd(t, ω) all non-negative (a financial asset can not
take on negative values) and all Ft-measurable (i.e. adapted: at time t
one know the prices Si(t).
• A trading strategy ϕ. ϕ is aRd+1 vector stochastic process ϕ = (ϕ(t))Tt=1 =
((ϕ0(t, ω), ϕ1(t, ω), . . . , ϕd(t, ω))
′)Tt=1 which is said to be predictable, mean-
ing each ϕi(t) is Ft−1-measurable for t ≥ 1. ϕi(t) denotes the number of
shares of asset i hold at time t. Given that the process is predictable one
know the value of ϕ(t) after observing the price S(t−1). ϕ may take neg-
ative as well as positive values since short sales are allowed, also assume
that all assets are perfectly divisible.
Following [6] one introduce the following definitions
Definition 5.1. The discount factor β(t) = 1S0(t) is used to discount an asset’s
future value to a present value. (S0(t) is the risk-free asset)
Definition 5.2. The discounted price process S˜(t) is defined as
S˜(t) = (1, β(t)S1(t), β(t)S2(t), . . . , β(t)Sd(t))
′
Definition 5.3 a. The process Vϕ(t) is called the value process of the trading
strategy ϕ(t) at time t and is defined as the scalar product
Vϕ(t) = ϕ(t)S(t) =
d∑
i=0
ϕi(t) · Si(t), (t = 1, 2, . . . , T ) and Vϕ(0) = ϕ(1) · S(0)
The initial value Vϕ(0) is the initial investment made by the investor.
Definition 5.3 b. The discounted value process V˜ϕ(t) is defined as
V˜ϕ(t) = β(t) · (ϕ(t)S(t)) = ϕ(t)S˜(t), (t = 1, 2, . . . , T )
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The value ϕ(t)S(t− 1) reflect the market value of the portfolio ϕ at time t− 1,
whereas ϕ(t)S(t) is the value of the portfolio at time t. Hence
ϕ(τ)(S(t)− S(t− 1)) = ϕ(t)∆S(t)
denotes the change in the market value of the portfolio that occurs between
time t− 1 and t. This motivates the definition of the gains process
Definition 5.4 a. The gains process Gϕ of a trading strategy ϕ is given by
Gϕ(t) =
t∑
τ=1
ϕ(τ)(S(τ)− S(τ − 1)) =
t∑
τ=1
ϕ(τ)∆S(τ), (t = 1, 2, . . . , T )
Definition 5.4 b. The discounted gains process G˜ϕ of a trading strategy ϕ is
given by
G˜ϕ(t) =
t∑
τ=1
ϕ(τ)(S˜(τ)− S˜(τ − 1)) =
t∑
τ=1
ϕ(τ)∆S˜(τ), (t = 1, 2, . . . , T )
From now on this text will only consider so-called self-financing strategies
Definition 5.5. A strategy ϕ is self-financing, ϕ ∈ Φ, if
ϕ(t)S(t) = ϕ(t+ 1)S(t), (t = 1, 2, . . . , T − 1)
Interpretation. When a new price S(t) is available at time t, the investor adjusts
his portfolio from ϕ(t) to ϕ(t+1) without bringing in or consuming any wealth,
i.e. the investor can sell one asset and buy another for the exact same amount
at time t resulting in the portfolio’s value being unchanged.
With theses definition introduced one turn to the modeling of a financial deriva-
tive in the current framework.
Definition 5.6. A contingent claim X with maturity date T is an arbitrary
FT -measurable random variable. Recall that FT is typically generated by the
process S.
One type of contingent claim X is an option on some underlying asset S. Then
X is usually a function of the underlying. E.g. for a European call option
X = [S(T )−K]+.
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5.2 Risk-neutral asset valuation
5.2.1 The No-arbitrage condition
The central condition for the single period example above was the absence of
arbitrage. This condition is essential for any market model and for this model
one has to define the mathematical counterpart of the economic principle.
Definition 5.7. Let Φ˜ ⊂ Φ be a set of self-financing strategies. A strategy
ϕ ∈ Φ˜ is called an arbitrage opportunity or arbitrage strategy if the following
holds
P(Vϕ(0) = 0) = 1 (7)
P(Vϕ(T ) ≥ 0) = 1 (8)
P(Vϕ(T ) > 0) > 0 (9)
Interpretation. An arbitrage opportunity ϕ ∈ Φ˜ is a self-financing strategy with
zero initial investment (P(Vϕ(0) = 0) = 1) which produces a positive value at
time t = T with a positive probability (P(Vϕ(T ) > 0) > 0) while there is no risk
of a negative payoff (P(Vϕ(T ) ≥ 0) = 1). Hence this is an opportunity to make
a future profit without exposure to any risk.
Definition 5.8. A security marketM is arbitrage-free if there are no arbitrage
opportunities in the class Φ of trading strategies.
Definition 5.9. A probability measure P∗ on (Ω,FT ) equivalent to P is called
a martingale measure for S˜ if the dicounted process S˜ is a P∗-martingale with
respect to the filtration F = {F0, F1, F2, . . . ,FT , }. The class of equivalent
martingale measures is denoted by P(S˜)
Note that two measures P and P∗ are equivalent if P(A) = 0⇔ P∗(A) = 0 .
Proposition 5.1. Let P∗ be an equivalent martingale measure (P∗ ∈ P(S˜))
and ϕ ∈ Φ any self-financing strategy. Then the wealth process V˜ϕ(t) is a
P∗-martingale with respect to the filtration F.
Interpretation. If the process S˜ follows the characteristics of a martingale then
V˜ also is a P∗-martingale proven by [6] (p.108)
With proposition 5.1 one can state and prove the two following very important
propositions:
Proposition 5.2. If an equivalent martingale measure exists. That is if P(S˜) 6=
∅ then the marketM is arbitrage-free
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Proof. If such a P∗ exists one knows that the price process S˜ is a P∗-martingale
which implies by proposition 5.1 that V˜ϕ(t) is a P∗-martingale. Hence one
knows that the initial and final P∗-expectations are the same (4) (E∗ denotes
the expectation operator under the probability measure P∗)
E∗[V˜ϕ(T )] = E∗[V˜ϕ(T )|F0] = E∗[V˜ϕ(0)|F0] = E∗[V˜ϕ(0)] (10)
If the strategy ϕ is an arbitrage opportunity then by definition 5.7 one knows
that P∗(V˜ϕ(0) = 0) = 1 (since P and P∗ are equivalent) and hence E∗[V˜ϕ(0)] =
0 which by (10) implies that E∗[V˜ϕ(T )] = 0. Further, P∗(V˜ϕ(T ) ≥ 0) = 1
according to definition 5.7, and one can say for sure that P∗(V˜ϕ(T ) = 0) = 1
which implies that the condition P∗(V˜ϕ(T ) > 0) > 0 can not be satisfied and
therefore no arbitrage is possible.

Proposition 5.3. If the market M is arbitrage-free => the class P(S˜) of
equivalent martingale measureses in non-empty.
Proof. See [6] (p. 109)

By combining proposition 5.2 and 5.3 one get the first central theorem of this
chapter.
Theorem 5.1 (No arbitrage theorem). The market M is arbitrage-free
⇔ There exists a probability measure P∗ equivalent to P under which the dis-
counted d-dimensional asset price process S˜ is a P∗-martingale.
5.2.2 Risk-Neutral Pricing
The no-arbitrage theorem state the relation between an arbitrage-free market
and the existence of a martingale measure P∗ for the asset price process S˜ (which
implies that S˜ is a martingale). We now turn to the main question, namely the
pricing of a financial derivative.
At the introduction of this chapter it is shown that a contingent claim can be
priced through a replicating portfolio of the underlying asset. In this section
the relation between the no-arbitrage theorem and the possibility to replicate a
contingent claim will be investigate.
Definition 5.10. A contingent claim X is said to be attainable if there exists
a replicating strategy ϕ ∈ Φ such that: Vϕ(T ) = X
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The replicating strategy ϕ generates the same cash-flow as X at time T . We
now wish to determine the price of X at time t < T . For all attainable X this
should be possible by calculating the value of any replicating strategy at time
t. The following proposition ensures that any replicating strategy for X will
coincide to a unique value process.
Proposition 5.4. Suppose the market M is arbitrage-free. Then any attain-
able contingent claim X is uniquely replicated inM.
Proof. See [6] (p. 114)

The uniqueness of the value process allows us to define the important and well
used concept of an arbitrage price process.
Definition 5.11. Suppose the market is arbitrage-free. Let X be any attain-
able contingent claim with time T maturity. Then the arbitrage price process
piX(t), 0 ≤ t ≤ T or simply arbitrage price of X is given by the value process of
any replicating strategy ϕ for X
The arbitrage price process piX(t) depends on the value process Vϕ(t) of any
replicating strategy ϕ for X. We assume that the market is arbitrage free which
implies that the discounted asset price process S˜ is a P∗-martingale (Theorem
5.1). Thus one can conclude that the value process V˜ϕ(t) of any self-financing
strategy ϕ is a P∗-martingale (Proposition 5.1). For any contingent claim X
with maturity T any replicating trading strategy ϕ ∈ Φ one have for each
t = 0, 1, . . . , T
piX(t) = Vϕ(t) = β(t)
−1 · V˜ϕ(t)
= β(t)−1 · E∗[V˜ϕ(T )|Ft] (as V˜ϕ(t) is a P∗-martingale)
= β(t)−1 · E∗[β(T )Vϕ(T )|Ft] (undoing the discounting)
= β(t)−1 · E∗[β(T )X|Ft] (as ϕ is a replicating strategy for X)
Thus one has proven the following proposition:
Proposition 5.5. The arbitrage price process of any contingent claim X is
given by the risk-neutral valuation formula
piX(t) = β(t)
−1 · E∗[β(T )X|Ft] ∀t = 0, 1, . . . , T

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5.2.3 Complete market: uniqueness of equivalent martingale mea-
sures
The last section made it clear that any attainable contingent claim can be priced
in an arbitrage free market using an equivalent martingale measure. One now
has to discuss the ability to replicate all contingent claims. If all contingent
claims are attainable one has solved the pricing question completely. We start
by defining this property for a market.
Definition 5.12. A marketM is complete if every contingent claim is attain-
able, i.e. for every FT -measurable random variable X there exists a replicating
self-financing strategy ϕ ∈ Φ such that Vϕ(T ) = X.
One can then prove the second central theorem of this chapter
Theorem 5.2 (Completeness theorem). An arbitrage-free market M is
complete if and only if there exists an unique probability measure P∗ equivalent
to P under which discounted asset prices are martingales.
Proof. See [6] (p. 116)

5.2.4 The fundamental theorem of asset pricing
With the no-arbitrage and completeness theorem stated and proven one can
combine these two theorem resulting in :
Theorem 5.3 (Fundamental theorem of asset pricing).
A marketM is arbitrage free and complete⇔ There exists an unique equivalent
martingale measure P∗

The fundamental theorem of asset pricing establish the connection between the
economic conditions such as an arbitrage-free complete market and the mathe-
matical conditions such as the existence of equivalent martingale measures. In
conclusion one is able to price any contingent claim, in a financial market, by the
Risk-neutral valuation formula, if one is able to find and prove the uniqueness
of an equivalent martingale measure P∗.
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5.3 Pricing of a European call option
With the established theory of asset pricing one is ready to apply this theory in
practice. There are several variants and ramifications of the results above and
for this chapter a so called, finite-discrete-time model with a finite probability
space will be considered, namely the Cox-Ross-Rubinstein Model.
5.3.1 The Cox-Ross-Rubinstein model
The model consists of two basic securities. It is a discrete time model with the
time horizon T , the trading dates in the financial market is t = 0, 1, 2, . . . , T .
The first security (S0) is a risk-free bond or bank account denoted B. B yields
a risk-free rate of return r > 0 in each time interval, i.e.
B(t+ 1) = (1 + r) ·B(t), B(0) = 1
It’s price process is
B(t) = (1 + r)t, t = 0, 1, 2, . . . , T
B(t) is used for discounting values, (recall that β(t) = 1B(t) ) The second security
is a risky asset S with the price process
S(t+ 1) =
{
u · S(t), with probability p,
d · S(t), with probability 1-p. t = 0, 1, 2, . . . , T − 1
Which can be alternatively described in
Z(t+ 1) =
S(t+ 1)
S(t)
=
{
u, with probability p,
d, with probability 1-p.
, t = 0, 1, 2, . . . , T − 1
where Z(t+ 1) denotes the relative return in a time interval [t, t+ 1].
with 0 < d < 1 + r < u and S(t) ≥ 0 for all t
Set up a stochastic process Z = {Z(1), Z(2), . . . , Z(T )} were Z(t), t = 1, 2, . . . , T
is a random variable defined on a probability space (Ω˜t, F˜t, P˜t) with
Ω˜t = Ω˜ = {d, u},
F˜t = F˜ = P(Ω˜) = {∅, {d}, {u}, Ω˜}
P˜t = P˜ with P˜({u}) = p, P˜({d}) = 1− p, p ∈ (0, 1)
Now define
Z(t, ω) = u if ω = u and Z(t, ω) = d if ω = d, t = 1, 2, . . . , T
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The stock price at time t therefore equals:
S(t) = S(0) · (Z(1, ω)) · (Z(2, ω)) · . . . · (Z(t, ω)) (11)
One is interested in valuing a European call option and hence mainly interested
in the value of the stock at expiry date T , therefore introduce the random
variable S(T ) (the final value of the risky asset S at expiry date T ) on the
probability space (Ω, F , P) were
Ω = Ω˜1 × Ω˜2 × . . .× Ω˜T = Ω˜T = {d, u}T
Hence a ω ∈ Ω represent a T -tuple ω = (ω˜1, ω˜2, . . . , ω˜T ) were ω˜t ∈ Ω˜ = {d, u}.
The probability measure is given by
P({ω}) = P˜1({ω1})× P˜2({ω2})× . . .× P˜T ({ωT })
Use the following filtration to model the flow of information for S(t)
F0 = {∅, Ω} (trivial σ-field)
Ft = σ(Z(1), Z(2), . . . , Z(t)) = σ(S(1), S(2), . . . , S(t))
FT = F = P(Ω) class of all subsets of Ω
This construction is a multi-period model viewed as a sequence of single period
models. As seen in (11) the value of S(t) depends on the t different random
variables Z(1), Z(2), . . . , Z(t) which are assumed to be identical distributed and
independent of one and another. This property is shown to be very helpful for
constructing a equivalent martingale measure.
Since Z(t), t = 1, . . . , T are i.i.d. random variables, taking either u with proba-
bility p or d with probability 1− p one may in fact write the value of the risky
asset at T as
S(T ) = S(0) · uk · dT−k
where k - the number of up-steps, is Bin(T, p)-distributed.
Interpretation. At every t, the asset S takes a random step up or down. At
t = T it has taken T steps in total where each step is independent and an
up-state occurs with probability p. Hence, k: the number of up-steps out of T
total steps, is binomial distriputed with parameters T and p.
At a later time t given Ft one has the corresponding
S(T )|Ft = S(t) · uk · dτ−k (12)
where τ = T − t, the remaining number of steps, and k ∼ Bin(τ, p).
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5.3.2 Risk-neutral pricing
With the current setting one is ready to price a European call option. From
previous chapters its known that if an equivalent martingale measure exists and
is proven to be unique then one can assure that the market is arbitrage-free and
complete. For the Cox-Ross-Rubinstein model the task is to find an equivalent
martingale measure P∗ for the discounted stock price process S˜(t) such that
Z(1), Z(2), . . . , Z(T ) remain independent and identically distributed.
Since S(t) = S˜(t) ·B(t) = S˜(t) · (1 + r)t and
Z(t+ 1) =
S(t+ 1)
S(t)
= (
S˜(t+ 1)
S˜(t)
) · (1 + r)
and S˜(t) is P∗-martingale if and only if for t = 0, 1, . . . , T − 1
E∗[S˜(t+ 1)|Ft] = S˜(t)⇔ E∗[ S˜(t+ 1)
S˜(t)
|Ft] = 1⇔ E∗[Z(t+ 1)|Ft] = 1 + r
Since Z(1), Z(2), . . . , Z(t) is mutually independent one can conclude that Z(t+
1) is independent of Ft = σ(Z(1), Z(2), . . . , Z(T )) so:
1 + r = E∗[Z(t+ 1)] = u · p∗ + d · (1− p∗) (13)
this since every Z(t) is defined to take either u with probability p∗ or d with
probability 1− p∗. Since 1 + r is a weighted average of u and d (13) one knows
that 1 + r ∈ [d, u] and further since P∗ is equivalent to P and P has no empty
sets, one has 1 + r 6= d, 1 + r 6= u which proves that:
0 < d < 1 + r < u (14)
Combining (13) and (14) creates an unique value for p∗, namely
p∗ =
(1 + r)− d
u− d (15)
Thus one have managed to prove the existence and uniqueness of a martingale
measure P∗ for the discounted price process and then one immediately get:
• The Cox-Ross-Rubinstein model is arbitrage-free (proven by theorem 5.1)
• The Cox-Ross-Rubinstein model is complete (proven by theorem 5.2 )
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• The price process of a contingent claim X in the Cox-Ross-Rubinstein
model is given by
piX(t) = (1 + r)
tE∗
[
X
(1 + r)T
|Ft
]
∀t = 0, 1, 2, . . . , T (16)
Thus one is able to price any contingent claim with the Cox-Ross-Rubinstein
model. The example below demonstrate how to price a European call option
by the Cox-Ross-Rubinstein model
5.3.3 A three-period Cox-Ross-Rubinstein Example
One hold two basic securities: a risk-free bond and a risky stock. The one year
risk-free interest rate is r = 0.03. The stock’s value at t = 0 is S(0) = 100 and
by observing historic data one determine d = 0.9 and u = 1.12. Calculate the
risk neutral probabilities by (15)
The aim is to determine the price of a European call option with expiry date
T = 3 years and strikeK = 100 with a three-period Cox-Ross-Rubinstein model.
Figure 4 below demonstrate the value of the stock at the three trading dates
and the call option value at T (payoff of a call X = [S(T )−K]+).
Figure 4: Stock and European call prices ($)
The specific Cox-Ross-Rubinstein formula for pricing of a European call with
expiry T and strike price K written on the stock S is derived from (16) and
using the binomial distribution in (12) with the risk neutral probabilities p∗.
(τ = T − t)
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ΠC(t)
= B(t)E∗
[
X
B(T )
|Ft
]
=
B(t)
B(T )
E∗
[
[S(T )−K]+|Ft
]
=
B(t)
B(T )
E∗
[
[S(t) · uk · dτ−k −K]+|Ft
]
=
B(t)
B(T )
τ∑
j=0
[S(t) · uj · dτ−j −K]+ · P∗(k = j)
= (1 + r)−τ
τ∑
j=0
(
τ
j
)
p∗j(1− p∗)τ−j(S(t)ujdτ−j −K)+
Note that since k ∼ Bin(τ, p∗) one knows that
P∗(k = j) =
(
τ
j
)
p∗j(1− p∗)τ−j
Since the Cox-Ross-Rubinstein model is proven to be complete one know that
for the call option in the example there exists a replicating portfolio delta. For
further details of how to hedge the call option the reader is directed to [6]
(p.127).
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6 Convergence to the Black-Scholes formula
This text have exclusively considers financial assets to be observed at discrete
time, which is a generalization of reality were financial assets is being observed
in continuous time. To construct a stochastic model of a price process in contin-
uous time one have two choices. One can model the processes as a continuous
time stochastic processes or one can approximate a continuous price process by
a discrete-time models with infinitely small time intervals. The first approach
requires theory in stochastic calculus which reaches outside of this thesis’s in-
formative scope, the second approach will be described below by investigating
the asymptotic properties of the Cox-Ross-Rubinstein model. In this chapter
we start by intoducing the Black-Scholes model and formula and later we inves-
tigate the Cox-Ross-Rubinstein model and especially its asymptotic properties
when the number of time steps goes to infinity. The chapter ends with a proof of
the famous Black-Scholes formula and a MATLAB routine showing our results.
6.1 Black-Scholes model
In Black Scholes model, the stock is described under the risk neutral probability
measure Q by the continuous-time price process S = {S(t)}t∈[0,T ] where S(T )
is given by
S(T ) = S(0)e(r−
1
2 ·σ2)T+σ·W (T ) (17)
where σ denotes the volatility parameter of the stock and W = {W (t)}t∈[0,T ] is
a Wiener process (see [6] for more info about the model and the Weiner process).
This process has the property that the log returns are normal distributed:
ln
ST
S0
= (r − 1
2
· σ2)T + σ ·W (T ) ∼ N((r − 1
2
· σ2)T, σ2T ) (18)
With this model for stock price one get the famous price formula for a European
call option at time t = 0 given by the Black-Scholes formula.
Definition 6.1. ΠBSC (0) = C(0) given by Black-Scholes formula (S = S(0))
ΠBSC (0) = S Φ(d1(S, T ))−KerTΦ(d2(S, T ))
The function d1(S, T ) and d2(S, T ) are given by
d1(S, T ) =
log(S/K) + (r + σ
2
2 )T
σ
√
T
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d2(S, T ) = d1(S, T )− σ
√
T =
log(S/K) + (r − σ22 )T
σ
√
T
where Φ denotes the cumulative function of the standard normal distribution,
i.e.
Φ(z) =
∫ z
−∞
1√
2pi
e−
1
2 s
2
ds
6.2 The N-period Cox-Ross-Rubinstein model
In previous chapter a Cox-Ross-Rubinstein model where presented (with three
periods). By using the same framework one can approximate a continues-time
framework by looking at the Nth-period Cox-Ross-Rubinstein model when N →
∞. The aim is to model two assets, a risk-less bond B and a risky asset S, which
now is observed in a continues-time interval [0, T ].
By using the same framework as for the tree-period example above one can
divide the time interval [0, T ] into N equal-length subdivisions with the length
∆ = TN and denote t0 = 0 < t1 < . . . < tN = T, tk = k
T
N for k ∈ {1, . . . , N}.
Basically the multi-period binomial model is a collection of N one-period bino-
mial model
The price of the the risk-free bond at time tk is denoted by B(k). Let us
denote the annual risk-free rate by r and if one divide the time interval T into
N + 1 points i.e. the interest rate compunds N times for T years and hence the
compunding occurs N/T times for a year.
The interest-rate over one time step ∆ is denoted by r˜ = rTN . Therefore, one
define the Bond porcess as:
B(k) = (1 + r˜)k, k = 0, . . . , N
In continuous-time, with infinitely many trading dates, one can imagine the
rate being payed continuously to the investor. To approximate this situation
in a discrete-time framework one let the number of peroids over T years go to
infinity.
lim
N→∞
B(N) = lim
N→∞
(1 + r˜)N = lim
N→∞
(1 +
rT
N
)N = erT
33
I.e. In continues-time, with the annual risk-free rate r, the interest is being
compounded continuously and the bond price process is B(t) = ert
For the stock one use the same model, as described in the previous section,
with the following parameters (uk, dk, pk). Where S(k + 1) = S(K)uk with
probability pk and S(k + 1) = S(K)dk with probability (1 − pk). To make life
simplier one assume that the model is recombining, i.e. that dk = 1uk , also one
assume that u = uk and d = dk for all k. To ease the notation, one have uk = u,
dk = d, pk = pu and 1− pk = pd. Also it is important to notice that stock price
Sk+1 only depends on the value of the stock Sk at time k and on pu, pd i.e. it
is independen of its past.
The stock at time k is given by:
Sk = S0u
idk−i
where i ∼ Bin(k,pu).
Hence the stock price at time T is ST = S0uidT−i.
In the N-th Cox-Ross-Rubinstein model the risk neutral price for the contingent
claim H(ST ) at time t = 0 is:
H0 = EQ
[
H(ST )
(1 + r˜)N
]
= (1 + r˜)−N
N∑
i=0
(
N
i
)
qiuq
N−i
d H(ST )
where denotes Q the risk neutral probability with corresponding probabilities:
qu =
(1 + r˜)− d
u− d and qd = 1− qu
qu, qd denot the risk neutral probabilities that Sk+1 itakes the value uSk, dSk
respectively. For a European call option with maturity T and strike K one can
write the price C0 at time t = 0 as:
C0 = (1 + r˜)
−N
N∑
i=0
(
N
i
)
qiuq
N−i
d (S0u
idN−i −K)+
One can develop the expression further to emphasize the analogy between the
N-th binomial model and the continuous time Black-Scholes model. First one
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has to assume that K < S0uN i.e. that the option can in fact end up in the
money. Then, there exists an index denoted p ∈ {0, . . . , N} such that for all
i ≥ p, uidN−iS0 −K > 0. I.e. the stock needs to "go up" at least p times for
the option to end up in the money. Then one can rewrite C0 as:
C0 = (1 + r˜)
−N
N∑
i=p
(
N
i
)
qiuq
N−i
d (S0u
idN−i −K)+
= S0
N∑
i=p
(
N
i
)
1
(1 + r˜)N
qiuq
N−i
d u
idN−i −K 1
(1 + r˜)N
N∑
i=p
(
N
i
)
qiuq
N−i
d .
Where one denote:
I1 =
N∑
i=p
(
N
i
)
1
(1 + r˜)N
qiuq
N−i
d u
idN−i and I2 =
N∑
i=p
(
N
i
)
qiuq
N−i
d
By the definition of the cumulative distribution function for a Binomial dis-
tributed random varaiable one get that:
I2 =
N∑
i=p
(
N
i
)
qiuq
N−i
d = Q(SN ≥ Sp) = Q(SN > K).
Where Q(SN > K) denotes the Q-probability of ending up in-the-money.
One rewrite I1 by the use of a change of measure technique, i.e. one define new
probabilities of going up and down as:
q˜u =
uqu
(1 + r˜)
, q˜d =
dqd
(1 + r˜)
This is possible since q˜u > 0 , q˜d > 0 and q˜u + q˜d = 1, which guarantees that
the measure Q˜ defined bu q˜u > 0 and q˜d > 0 is a probability measure.
Now one get:
I1 =
N∑
i=p
(
N
i
)
q˜u
iq˜d
N−i = Q˜(SN ≥ Sp) = Q˜(SN > K).
Finally, one can write the price of an European call option C0 as:
C0 = S0Q˜(SN > K)−K 1
(1 + r˜)−N
Q(SN > K) (19)
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wish converges to the Black-Scholes formula for an European call option when
N →∞ as we will see in the following section.
6.3 Convergence of the N-period Cox-Ross-Rubinstein model
In this section one try to prove that the N-period binomial CRR model converges
to the continuous time Black-Scholes model. It is a beautiful but cumbersome
result that requires several results from calculus and probability theory. One
start by calibrating the parameters, in the model, in such a way that some
important properties are fulfilled. Then one continue by stating the Central
Limit Theorem and proving the normal distribution of the log-returns of the
stock. Finally one uses these results to show the convergence of the N-period
binomial model when N →∞.
6.3.1 Calibration of parameters
Until now one has assumed that the values u, d, pu, pd are known and that one
can use them to derive the price of C0. One want to find values for u, d, pu, pd
such that when N → ∞, the binomial model for the price proces becomes
continuous i.e. limN→∞ u = 1 = limN→∞ d = 1. Also one want the mean and
the vaiance of the stock price or the stock’s log return to be realistic.
S at time T is given by:
ST = S0u
idN−i ⇔ lnST
S0
= i ln(u/d) +N ln(d).
Then one get the following expressions for the mean and variance of the stock’s
return (note that it’s under the historical P measure) :
EP
[
ln
(
ST
S0
)]
=
(
puln
(u
d
)
+ ln(d)
)
N = µˆN
V ar
[
ln
(
ST
S0
)]
=
(
pupd (ln(u/d))
2
)
N = σˆ2N
If µT and σ2T are the (real) obeserved mean and varaince of the log return(
ST
S0
)
then one want to choose u, d, pu such that:
µˆN → µT
σˆ2N → σ2N.
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I.e. one wishes to chose u, d, pu such that the expected value and the variance of
the log returns (under the historical measure P) should converge to the observed
mean and variance.
Also one want the property that: u→ 1, d→ 1 asN →∞ so that the underlying
process becomes continuous.
According to the Cox-Ross-Rubinstein model one have the following parameters:
u = eσ
√
T
N , d = u−1 = e−σ
√
T
N , pu =
1
2
+
1
2σ
µ
√
T
N
(20)
Which satisfies the desired contitions, namely:
µˆN =
(
puln
(u
d
)
+ ln(d)
)
N = . . . = µT
σˆ2N =
[
σ2 − µ2 T
N
]
T → σ2T when N →∞
u→ 1 when N →∞ (21)
d→ 1 when N →∞ (22)
6.3.2 Central Limit Theorem
When one uses the notation tk = k TN one get:
ST
S0
=
StN
St0
=
StN
StN−1
StN−1
StN−2
. . .
St2
St1
St1
St0
Taking the natural logarithm results in:
ln
(
ST
S0
)
= ln
(
StN
StN−1
StN−1
StN−2
. . .
St2
St1
St1
St0
)
=
N∑
k=1
ln
(
Stk
Stk−1
)
Denote Xk = ln
(
Stk
Stk−1
)
for k ∈ {1, . . . , N}, then the random variables Xk are
independent and identically distributed with the mean µˆ and the variance σˆ2.
Then the distribution is given by the Central Limit Theorem
Theorem 6.1 Central Limit Theorem
X1, X2, . . . , XN is a sequence of independent and identically distributed random
variables with the mean µ and variance σ2 which create the sum ZN :
ZN =
N∑
k=1
Xk.
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Then:
lim
N→∞
P
(
ZN − µN
σ
√
N
≤ z
)
= Φ(z)
Where Φ denotes the cumulative normal distribution function of a standard
normal distribution, i.e.
(
ZN−µN
σ
√
N
)
∼ N(0, 1) ,(ZN ∼ N(µN, σ2N))
Note that in the case described above one has the case when the mean and
variance of Xk also depends on N and is equal to µˆ and σˆ2 respectively. In
the general Central Limit Theorem, decribed above, the mean and the variance
of Xk is not allowed to be dependent on N . However there exists a more
evolved version of the Central Limit Theorem where the mean and varaiance
of Xk can depend on N ( See [4] (p. 235)). This version requires some extra
technical conditions to be applicable, wich is fulfilled in our case and hence the
distribution of the log-returns when N →∞ is given by:
lim
N→∞
P
(
ln(ST /SO)− µˆN
σˆ
√
N
≤ z
)
= Φ(z)
6.3.3 Convergence of the N-period binomial model when N →∞
Recall that the price for an option C0 at time t = 0 in the binommial model is:
C0 = S0I1 −K 1
(1 + r˜)−N
I2
where
I1 =
N∑
i=p
(
N
i
)
q˜u
iq˜d
N−i = Q˜(SN ≥ Sp) = Q˜(SN > K)
and
I2 =
N∑
i=p
(
N
i
)
qiuq
N−i
d = Q(SN ≥ Sp) = Q(SN > K).
If one study the limit of I2 and I1 when N →∞ one get the following results.
Start with I2 (recall that p is the number of steps required to end up in-the-
money)
1− I2 = Q(SN < Sp) = Q(SN < K) = Q(i < p) = Q(i ≤ (p− 1))
= Q
(
i−Nqu√
quqdN
≤ (p− 1)−Nqu√
quqdN
)
(23)
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Note that EQ [i] = Nqu and V arQ(i) = Nquqd i.e. i ∼ Bin(N, qu) under Q and
not P.
Therefore, similarly to the calculations earlier under the historical measure P,
one get under the measure Q:
ln(ST /S0) = ln(u/d)i+Nln(d),
µˆq = quln(u/d) + ln(d)
σˆ2q = quqd(ln(u/d))
2
Which yields the following expressions:
i =
ln(ST /S0)−Nln(d)
ln(u/d)
qu =
µˆq
ln(u/d)
quqd =
σˆ2q
ln(u/d)
.
Which one can use to rewrite the left hand side of (23) as:
i−Nqu√
quqdN
=
ln(ST /S0)−Nln(d)
ln(u/d) −N µˆq−ln(d)ln(u/d)√
N
σˆ2q
(ln(u/d))2
=
ln(ST /S0)−Nµˆq
σˆ2q
√
N
and also right hand side of (23) as:
p− 1−Nqu√
quqdN
=
p− 1−N µˆq−ln(d)ln(u/d)√
N
σˆ2q
(ln(u/d))2
(24)
By definition level p satisfies:
S0u
pdN−p > K ⇔ p > ln(
K
S0
)−Nln(d)
ln(u/d)
= p˜
Then there exists  ∈ [0, 1) such that p = p˜ + , which replace p in (24) and
hence:
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p− 1−Nqu√
quqdN
=
p˜+ − 1−N µˆq−ln(d)ln(u/d)√
N
σˆ2q
(ln(u/d))2
=
ln( KS0
)−Nln(d)
ln(u/d) + − 1−N µˆq−ln(d)ln(u/d)√
N
σˆ2q
(ln(u/d))2
=
ln(K/S0)−Nµˆq − (1− )ln(u/d)
σˆq
√
N
Hence, equation (23) becomes:
Q
(
i−Nqu√
quqdN
≤ (p− 1)−Nqu√
quqdN
)
= Q
(
ln(ST /S0)−Nµˆq
σˆq
√
N
≤ ln(K/S0)−Nµˆq − (1− )ln(u/d)
σˆq
√
N
)
.
If one uses the calibrated parameters of the Cox-Ross-Rubinstein model (20)
and the expression of the risk-neutral probability:
qu =
(1 + r˜)− d
u− d =
(1 + rTN )− e−σ
√
T
N
eσ
√
T
N − e−σ
√
T
N
one can show that:
EQ
[
ln
(
ST
S0
)]
=
(
quln
(u
d
)
+ ln(d)
)
N = (r − 1
2
σ2)T when N →∞ (25)
and
V ar
[
ln
(
ST
S0
)]
=
(
quqd (ln(u/d))
2
)
N = σˆ2N → σ2T when N →∞ (26)
by using the following Taylor expansions:
e−σ
√
T
N = 1− σ
√
T
N
+
σ2 TN
2
+ o
(
1
N3/2
)
eσ
√
T
N = 1 + σ
√
T
N
+
σ2 TN
2
+ o
(
1
N3/2
)
where the last term is a collection of higher order term which→ 0 when N →∞
(see [6] for a more detailed calculation)
40
By combining (25), (26), (25) and property (21), (22) one get that:
ln(K/S0)−Nµˆq − (1− )ln(u/d)
σˆq
√
N
→ ln(K/S0)− (r −
1
2σ
2)T
σ
√
T
when N →∞
and by using the Central Limit Theorem for ln(ST /S0) one finally get that:
1− I2 → Φ
(
ln(K/S0)− (r − 12σ2)T
σ
√
T
)
when N →∞
or equivalently:
I2 → 1− Φ
(
ln(K/S0)− (r − 12σ2)T
σ
√
T
)
when N →∞
and if one uses 1−Φ(x) = Φ(−x) for the normal cumulative distributed function
one get:
I2 → Φ
(
− ln(K/S0)− (r −
1
2σ
2)T
σ
√
T
)
= Φ
(
ln(S0/K) + (r − 12σ2)T
σ
√
T
)
when N →∞.
Using similar calculations, one can show that:
I1 → Φ
(
ln(S0/K) + (r +
1
2σ
2)T
σ
√
T
)
when N →∞.
By looking back at our previous equation for the call price, one has proved that:
C0 = S0I1 −K 1
(1 + r˜)−N
I2 →
S0Φ
(
ln(S0/K) + (r +
1
2σ
2)T
σ
√
T
)
−Ke−rTΦ
(
ln(S0/K) + (r − 12σ2)T
σ
√
T
)
when N →∞.
Hence one has proved the following limit relation for the Cox-Ross-Rubinstein
model:
lim
n→∞Π
(n)
C (0) = Π
BS
C (0)
were Π(n)C (0) denotes the nth Cox-Ross-Rubinstein model and Π
BS
C (0) denotes
the price of a European call option at time t = 0 given by the Black-Scholes
formula.
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6.4 A Matlab example
With the presented settings the asymptotic properties of the Cox-Ross-Rubinstein
model will be investigated. Consider the pricing of a European call option with
the following parameters:
Strike price: K = 60
Initial Stock price: S(0) = 50
Risk-free interest rate: r = 0.05
Volatility: σ = 0.2
Expiry date: T = 1
Number of trading dates: kn = 1, 2, 3, . . . , 500
Time intervals: ∆n = Tkn
As seen in figure 5 below, by continuously increasing the number of trading
dates one can prove a convergence towards the price 1.624$ which is the price
calculated by the Black-Scholes formula.
Figure 5: Approximation of the Black-Scholes price by the nth Cox-Ross-Rubinstein
model
I.e. One have showed that the price of an call option in the N-period binomial
Cox-Ross-Rubinstein model converges to the Black-Scholes model when N →∞
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7 Conclusion
In this thesis there have been a investigation of the pricing procedure of a
European call option. This procedure is known to be very complex and could
not be done in a intuitively way.
The ideas arise that one should try to describe the financial world with the
support of mathematics. For this to be done one had to impose several assump-
tions on the financial market. These assumptions are described in chapter 2
with certain significance of the assumption of no arbitrage. The no-arbitrage
assumption is essential in finance.
Financial markets involves a great amount of uncertainty and hence one uses
mathematical probability theory. In chapter 3, there is a rundown of the funda-
mentals in probability theory needed to define a random variable. The random
variable is used for describing a certain experiment with an outcome that in-
volves randomness. These characteristics of a random variable applies very well
in finance.
With several random variables put together in a discrete time stochastic process
one hopes to mimic the behaver of a financial asset that takes its "random"
walks as time goes by. By the definition of filtration and expectation of a
stochastic process one defines the Martingale properties for a stochastic process.
A martingale is model of a fair game where knowledge of past event will never
help to predict the future.
In chapter 5 one is ready to apply the mathematical theory described in previous
chapters and build a model of the financial market. The fundamental theorems
of asset pricing state the requirements of the model. If one is able to prove the
existence and uniqueness of a equivalent martingale measure for a stochastic
model then one knows that the future cash flows of any contingent claim (such as
an option) can be replicated, in other words, it is possible to price the contingent
claim. Also it proves that the financial market is arbitrage-free.
The Cox-Ross-Rubinstein model is introduced and investigated. The model is
proven to follow the characteristics of a martingale and thus one is able to price
any contingent claim with the model. A European call option is priced by a
three period example of the Cox-Ross-Rubinstein model.
In the real world, stocks evolves as a continuous-time process. Thus, on a
financial market, one is able to make a transaction at any time. The three
period example in chapter 5 only allows transactions at specific trading dates.
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By creating a CRR model with infinitely many trading dates one can approxi-
mate a continuous time process. With MATLAB, one can show, in one specific
example, that the price of a European call option, when the number of trading
dates goes to infinitely, converges to one specific price. This price is the price
calculated by the Black-Scholes formula.
To summarize, one has succeeded to apply mathematics to the world of finance.
Proving that it can be used to price complex financial derivatives such as options.
The thesis show the asymptotic properties of the CRR model and its relation to
the Black-Scholes formula which, nowadays is the most common used instrument
for pricing of options.
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A Matlab routines
The CRR model:
function oPrice = binPriceCRR(X,S0,r,sig,dt,steps)
% Function to calculate the price of a European
% Call option using a Cox Ross Rubinstein binomial tree.
%
% Inputs: X - strike
% : S0 - stock price
% : r - risk free interest rate
% : sig - volatility
% : dt - size of time steps
% : steps - number of time steps to calculate
%
% Output: oPrice - the option price
%
% Calculate the Cox Ross Rubinstein model parameters
a = exp(r*dt);
u = exp(sig*sqrt(dt));
d = 1/u;
p = (a-d)/(u-d);
% Loop over each node and calculate the Cox Ross Rubinstein underlying price tree
priceTree = nan(steps+1,steps+1);
priceTree(1,1) = S0;
for idx = 2:steps+1
priceTree(1:idx-1,idx) = priceTree(1:idx-1,idx-1)*u;
priceTree(idx,idx) = priceTree(idx-1,idx-1)*d;
end
% Calculate the value at expiry
valueTree = nan(size(priceTree));
valueTree(:,end) = max(priceTree(:,end)-X,0);
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% Loop backwards to get values at the earlier times
steps = size(priceTree,2)-1;
for idx = steps:-1:1
valueTree(1:idx,idx) = ...
exp(-r*dt)*(p*valueTree(1:idx,idx+1) ...
+ (1-p)*valueTree(2:idx+1,idx+1));
end
% Output the option price
oPrice = valueTree(1);
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